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I. Introduction

N HIGHLY elliptical orbits (HEO), the solar pressure can perturb

the motion of a constellation because of the longer exposure of the
satellites to the sun [1]. To study its effects on the controller, the
Tschauner—Hempel (TH) equations are augmented to include the
effects of the solar pressure force. These TH equations are also
expressed to include the effects of the perturbation due to the
oblateness of the Earth (or J2 perturbation) [2]. To formulate this
problem, the Carter—Humi (CH) approach [3] is used in which the TH
equations are expressed in terms of the eccentricity and the true
anomaly angle. These terms are important for the development of the
control scheme [4-6].

The TH equations contain nonlinear terms due to the J2
perturbation [2] that can be considered in the controller. Capé-Lugo
and Bainum [2] developed a hierarchical control scheme, in discrete
format, to maintain the separation distance constraints for the
nonlinear TH equations. This controller is based on the linear
quadratic regulator and compensates for these nonlinear effects. The
solar pressure force is only dependent on the position of the satellite
but can affect the control effort. In conclusion, this paper shows how
the solar pressure effects can cause variations in the control effort for
the correction of the separation distance constraints for a pair of
satellites within a constellation.

II. Tschauner—-Hempel Equations

for a Perturbed Motion

Following the Carter—Humi approach [3], the TH equations for a
perturbed motion, which defines the motion of a pair of satellites
about the Earth when the J2 perturbation [2] and the solar pressure
force are present, can be written as
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k is determined from the equation of a Keplerian orbit where
= GMy, ris the radial position of the satellite at any point in the
orbit, Ry is the Earth radii, and £ is the angular momentum. x; is
positive against the motion of the spacecraft, x, is positive along the
radial direction, and x; is positive when the right-handed system is
completed. The TH equations are expressed in the x;, x,, x5 system
which contains the actual separation distance between the
maneuvering and the reference spacecraft and is defined in the
time domain. By transforming the TH equations from the time into
the true anomaly angle domain and by using the y;, y,, y; equations
[Eq. (2d)] as shown in [3], the TH equations can be reduced into a
compact system of equations [Eq. (1)]. The maneuvering spacecraft
is assumed to have an applied thrust vector along the reference
coordinate system, and the reference spacecraft is initially assumed
to be acted on by a Newtonian gravitational force directed toward the
center of the Earth. It is assumed that the actual mass (m(f)) of the
satellite can be approximated to its initial mass (m(f) ~ mg),and T,
is the maximum thrust that can be applied by the thruster. Fi; (or Fy)
is the solar pressure force in which Fgy ; (or Fgg) and Fgy, ; (or Fyy),
respectively, is the solar pressure due to the reference and the
maneuvering spacecraft.

I1I.

The solar pressure force is due to the incidence of light on the
surface of a satellite. This incidence of light creates outside forces or

Solar Pressure in Formation Flying


http://dx.doi.org/10.2514/1.37484

676 J. GUIDANCE, VOL. 32, NO. 2:

torques that can change the orbital and attitude dynamics of the
satellite. Karymov [7] developed a formulation to define the forces
and torques due to this perturbation. This formulation depends on the
shape of the satellite, but the direction of the solar rays is defined in
terms of the position of the satellite. The force due to the incidence of
light over the surface of an assumed opaque satellite can be expressed
as

Ft = —ho / (6 7)ds (3a)
N
F~=—2h, / A6 - )2 ds (3b)
N
where

E E k
hy =2 (i) ~ =472 x 107 =5 )

Vg RS L) m

F is the force for a total absorbing surface in which the reflectivity
coefficient (¢) is equal to zero. F~ is the force for a total reflective
surface such thate = 1. & is the unit vector representing the direction
of the incident light over the body of the satellite and is represented as
6= aof + bof + colg. The values agy, by, and ¢, represent the
direction cosines in the X, Y, and Z directions of the incident light,
respectively; in addition, a3 4+ b2 + ¢3 = 1. 7 is the unit vector
normal to the surface of the body of the satellite. E is the magnitude
of the flux of light energy arriving at a unit surface of the body, Ry is
the distance of the body to the sun, r is the distance from the Earth to
the sun, and v is the velocity of light in a vacuum. In Eq. (4), it is
assumed that the relative distance from the satellite to the sun and the
relative distance from the Earth to the sun will not vary greatly [8].
The general force [7] due to the solar pressure for an arbitrary surface
can be expressed as

Fg=(1—&)F* + ¢F- )

Equation (5) will be used to represent the forces due to the solar
pressure for both satellites.

A model of the spacecraft must be used here to determine the
forces due to the solar pressure with Karmyov’s theory [7] [Eqgs. (3)].
For this work, the proposed Aurora Multiscale Mission [9] (AMM) is
chosen. In the AMM, the spacecraft has the form of a hexagon, but it
is assumed as aright circular cylinder. The diameter and height of the
cylinder, respectively, are 40 in. (1.016 m) and 22 in. (0.5588 m). The
spacecraft have a mass of 90 kg each.

To determine the solar pressure force with Egs. (3), the surface
integral must be divided in two different integrals containing the
lateral surface of the body of the cylinder and the top (or bottom) of
the cylinder. The surface integral in the Cartesian (x, y, z) coordinate
system is complicated, but this surface integral can be transformed to
cylindrical coordinates to perform this calculation. This coordinate
system is located at the center of gravity of the cylinder. The
equations defining the right circular cylinder can be represented as

x>+ =r2 7=z (6)

Solving Egs. (3), the forces due to a total absorbing and reflective
surface for a single satellite are

F+*=F} + F} F =F; + F; (7a)
where
F} = —4(IR,)byhy6

R R (7b)
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Fp and F; are the solar pressure forces due to the body and top of the
right circular cylinder, respectively.

The direction of the incidence of light must be determined before
the difference in the solar pressure forces between the satellites are
determined in the TH equations for a perturbed motion. The direction
of the incidence of light can vary depending on the position of the
satellites along the HEO and on the inclination angle of the sun with
respect to the Earth. In [10], it is assumed that the direction of light
can be determined with an axis transformation defining the position
of the satellites and the inclination angle of the sun with respect to the
Earth. Using this assumption, the direction of the light for the
reference and target spacecraft can be written, respectively, as

ay = cos f cos ig

by=sinfcosis  co=sinig  (8a)

agy = cos(f + 8f) cosig = (cos fcosdf —sin fsin§f) cos ig
by =sin(f + 6f) cos iy = (sin f cos §f + cos f sin§f) cos ig

Coym = Sinig (8b)

where i is the inclination angle of the sun with respect to the Earth,
and §f is the difference in the true anomaly angle between the
reference and the target satellite. Using the most general triangle that
connects the center of the Earth, the maneuvering satellite, and the
reference satellite at the vertices of the triangle and assuming that the
separation distance between the maneuvering and reference satellite
is much less than the distance from the center of the Earth to the
reference spacecraft, it can be found that §f & 0. For this reason, the
direction of light for the reference spacecraft (&) is approximately
equal to the direction of light of the maneuvering spacecraft (G,,).
Because of these approximations, Eq. (8a) is used to express the
direction of light for both satellites. Substituting Eqgs. (7) and (8a) into
Eq. (2¢), the general solar pressure force can be expressed as

Fe=Ae(F —F") (9a)
where
Ft =—R.hy(4lby + R .cy)6 (9b)
F~-=R.h, (— (13—6) lagbi + (g) (2a2 + 8b3)j — ﬂR(,C%kA)
90)
and
Ae=¢ep — ¢y (9d)

er and ¢, are the reflective coefficients for the reference and
maneuvering satellite, respectively. To account for differences in the
reflectivity coefficients between the maneuvering and reference
spacecraft, Egs. (9) are used to express a variation in the construction
of the outside panels.

IV. Hierarchical Control Scheme

The control scheme is expressed in the discrete domain [11] of the
true anomaly angle, because the objective of a digital control system
is to simplify the implementation in the computer onboard the
satellite. A simple algorithm can be developed to perform the control
scheme such that the computational time can be reduced. This work
uses a discrete form of the TH equations and the cost function [12] to
solve the control problem. Using Euler’s theorem [12], the discrete
form of Eqgs. (1) can be expressed as

y(k+ 1) = [A(K) |y(k) + [BR)u(k) + Afyly(0)] + AFT(f(K))
(10a)

where
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[ is a 6 x 6 identity matrix.
The discrete cost function [12] in terms of the CH control approach
[3] can be written as

Ny—1

109 =203 000 v 6w ® - vp)
k=0

+ (u(k)"R(k) (u(k)) (11)
where
R(k) = Ri*(k)

fl)y=fL +kAf

O(k) = Qx(k)
1
7 + ecos f(k)

y(k) and y,, are, respectively, the state and desired state vectors with
dimensions n x 1. Q and R are the weights due to the states and the
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control function, respectively. Q has dimensions n X n, and R has
dimensions n x 1. f; is the initial true anomaly angle, and A f is the
sampling interval in the true anomaly angle. £ is an integer value
representing the sample which is obtained at every sampling interval
in the true anomaly angle. k ranges from 0 to N, — 1, where N is the
last sample obtained at the final true anomaly angle in the solution of
the control problem and is expressed as

N1l

where f is the final true anomaly angle.

The existence of the control problem is obtained from the solution
of the discrete Hamilton—Jacobi equation which is defined
everywhere to obtain the minimum conditions. The discrete
Hamilton—Jacobi equation [13] can be written as

10 =200~ p) 00 — yp) + T () Ru(h)

+ pT(k+ DAY (K) + B(u(®)] + pT (k+ DIAFYFE)]]
+ vk + Dly(k) — y(k)] (12)

where p(k + 1) is the costate variable, and y(k 4 1) is the error
vector. In Eq. (12), y(k) is the same as y(k), but, for the hierarchical
control scheme, these two vectors are used differently. In the first run,
y(k) is set to zero to solve the system of equations in the linear range;
in this way, the solution of the control problem takes advantage of the
linear form of the TH equations. In the following executions, y(k) is
updated with the known states [or y(k)] to correct for the nonlinear
terms in the state equation. For this reason, the difference between
y(k) and y(k) is used in the discrete Hamilton—Jacobi equation to
determine if the error between them in the following runs is small. If
the errors between y(k) and y(k) are less than a tolerance value, the
hierarchical control scheme has achieved a suboptimal solution. This
error is added into the Hamilton—Jacobi equation by multiplying
y(k+ 1) to this difference in which y(k+ 1) is a Lagrange
multiplier.

The minimum principles are used to obtain the necessary
conditions to obtain a suboptimal control problem, and, for the
hierarchical control scheme, the solution of the discrete control
problem [2] becomes as

K(k) = AfQ + AT()K (k + D[I + W(k)K(k + D] Ak
(13a)

g(k) = —AfQyp + A" (k) gk + 1) + y(k + 1)

+ AT(OK (k + DI+ WRK(k+ D] [-W(k)g(k + 1)
+ AP RO]+ AST(R)] (13b)

Yk + 1) = [I + WKk + DI [AKR)y (k) — W(k)g(k + 1)
+ AfYR] + AT(f (k)] (13¢)

u(k) = —(AfR) "B (K)[K(k + Dy(k + 1) + gk + 1)] (13d)
vk +1) = AfJT[K(k+ Dy(k + 1) + g(k + 1)] (13e)

W (k) = B(k)(AfR(k))"'B" (k) (13f)

K(k) and g(k) are the Riccati and adjoint Riccati equations,
respectively. J is the Jacobian matrix [2] obtained from y/[y(k)]. The
recursive method is known as a two-level hierarchical control
scheme [13], and Fig. 1 shows how to solve the discrete control
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1% Level
A

Define the initial conditions.
Set the perturbation and

error vector to zero. Start

Solve the Riccati equation.

Update the error vector
and the states.

2™ Level

Solve the adjoint Riccati
equation, the state equation,
and the control equation.

Is the error
satisfied?

I End ]<—| I Show the results.

Fig. 1 Flow chart of the two-level hierarchical control scheme.

problem. The main advantage of the hierarchical controller is shown
in Eq. (13a). To add the nonlinear effects, Eq. (13b) is continuously
updated with the previous states of (k) until the mean square error
between the actual and previous state vector has been satisfied as
shown in Fig. 1. Cap6-Lugo and Bainum in [2] provide more details
about the solution of this control problem.

V. Results

The hierarchical control scheme is tested for the drift correction.
The drift correction is defined as the difference between the desired
and initial coordinates of any pair of satellites within a constellation.
The objective of the controller is to correct this drift in minimum
time. For the drift correction, yj, is set to zero. The simulation of the
hierarchical control scheme is tested with one specific size of the
NASA benchmark problem [14] having the following orbital
dimensions:

a=42,095.7 km; e =0.818; i=18.5 deg; r, =12Rg
where a is the semimajor axis, e is the eccentricity, and r, is the
radius of apogee. Thrust levels used for this simulation are
comparable to those generated by the ion thrust which is assumed to
have a maximum thrust [15] of 0.5 N. The initial mass of the satellite
is assumed to be 90 kg. The inclination angle of the sun with respect
to the Earth is assumed to be 23.5 deg.

In [4], the drift correction is performed in a minimum time when
the varying coefficients for the position of the satellite in the Q matrix
are weighted more than the constant coefficients for the velocity of
the satellite while the R matrix is maintained with a minimum weight.
This weighting for the Q matrix is used because the coefficients in the
position are multiplied by the varying term, k. The Q and R matrices,
respectively, are 6 x 6 and 3 x 3 diagonal matrices. The weight [16]
in the O matrix is diag[20 20 20 1 1 1], and the weight of
the R matrix is diag[1 1 1]. The sampling in the true anomaly
angle will be set to 0.05 rad [2]. To implement this control scheme in
the computer on board the satellite, it is required to transform from
the time domain into the true anomaly angle domain with Kepler’s
transcendental equation, but this transformation is not pursued in this
work because of the complexity to obtain the solution.

The conditions used to initialize the simulations with the
hierarchical controller are the following:

y(f,) =[-0.215 (km) 0.055 (km) 0.002 (km) 3.91e—

These conditions are obtained from previous simulations with the
Satellite Tool Kit software [17] when a pair of satellites first violates
the separation distance conditions. If the transformation in Eq. (2d) is
used, the dimensions for the state vector y(f) [shown in y(fL)] are
the same for the state vector x(f).
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Fig. 3 Drift correction for the station-keeping process when Ae = 0.1.

Figure 2 shows the solution for the drift correction when
Ag =0.01. The drift correction of the separation distances and
velocities is performed before the satellites reach the following
apogee point. The maximum magnitude of the controller
acceleration is 10~* (km/s?) and shows a stable condition before
the pair of satellites reaches the perigee point as shown in Fig. 2. The
solar pressure is acting on the satellite along the orbit, and the
controller compensates for this perturbation to reduce the drifts for
this pair of satellites.

A second simulation is performed using the same initial conditions
for the drift correction, but the difference in the reflective coefficient
is increased to 0.1. In Fig. 3, the drift correction of the separation
distance and velocity is similar as in Fig. 2, but the controller

5 (km/s) —2.55¢—6 (km/s) —1.64e—6 (km/s)]"

response is different between Figs. 2 and 3. The controller in Fig. 3
mainly compensates for the solar pressure acting along the HEO.
Because the difference in the reflectivity coefficient is small in Fig. 2,
the solar pressure does not highly affect the pair of satellites along the
HEO, and the controller comes into a stable state before the perigee
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point. It can be observed that, as the difference in the reflectivity
coefficient increases, the controller does not show a stable condition
because the differential solar pressure has a more noticeable effect on
the pair of satellites along the HEO.

VI. Conclusions

The solar pressure force affects the separation distance of a pair of
satellites within a constellation in highly elliptical orbits. For this
reason, the Tschauner—-Hempel equations are augmented to include
the effects of the sun. To maintain the separation distance conditions,
the hierarchical control scheme is developed to compensate for the
nonlinear terms due to the oblateness of the Earth and the solar
pressure force. The controller requires a higher effort to correct the
solar pressure effects because of the longer exposure to the sun.
Hence, this work contributes, for the first time, the development of
the Tscahuner—-Hempel equations to include the solar pressure
effects in formation flying and shows the effects of the solar pressure
force on the controller to perform the drift correction in a
constellation. In addition, this set of Tschauner—Hempel equations
can be extended to include other perturbations due to the Earth and/or
the moon.
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